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ABSTRACT 
Let V be a vector space over the algebraically closed field K. We prove the 
existence of a finite set of polynomials of m” indeterminates (Fiji E, such that if 
tei, , e,} is a basis of V and {ezl cy E r,, ,,) is the basis induced in @ “V by the 
basis (el, , e,}, then 
is decomposable symmetrized (with A = 1) if and only if Fj(a, 1 a E r,,,, “) = 0, 
i E I. We use these results to prove that the concept of decomposability preserver 
coincides with the concept of m-decomposability preserver (a linear operator that 
maps star products of linearly independent vectors into decomposable symmetrized 
tensors). 
INTRODUCTION 
Let V be a vector space of dimension n over an algebraically closed field 
K of characteristic zero. In 63 “V (the mth tensor power of V), two 
subspaces are often considered: the Grassmann space, A mV, and the space 
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Funda$o Calouste Culbenkian. 
LINEAR ALGEBRA AND ITS APPLICATIONS 186:215-225 (1993) 
0 Elsevier Science Publishing Co., Inc., 1993 
215 
655 Avenue of the Americas, New York, NY 10010 00.24.3795/93/$6.00 
216 J. A. DIAS DA SILVA 
of completely symmetric tensors, V “V. The Grassmann space has been 
especially studied in virtue of its connection with geometry. It is known that 
many results about this subspace have parallels in the space of completely 
symmetric tensors of degree m or in some other generalizations of the 
m-tensor power of a vector space (symmetry classes of tensors). 
The aim of this article is to extend to some symmetry classes of tensors 
important results already stated in A “V, namely the characterization of the 
decomposable symmetrized (with A = 1) tensors by means of the Plucker 
polynomials [I71 and to get from this a property of the preservers of 
decomposability. We are going to prove the existence of a finite set of 
polynomials of mn indeterminates (F,), E I such that if {e,, . . , e,} is a basis 
of V and {ezl CK E I,,,, .} is the basis induced in 63 mV by the basis {e,, . , e,) 
then 
is decomposable symmetrized if and only if Fi(ua 1 a E IY,, .> = 0, i E I. We 
will use these results to prove that the concept of decomposability preserver 
coincides with the concept of m-decomposability preserver (a linear operator 
that maps star products of linearly independent vectors into decomposable 
symmetrized tensors). 
PRELIMINARIES 
Let u E S,. We denote by P(a) the unique linear operator from C3 “V 
into C3 “V satisfying 
for all xi,. , x, in V. 
If c : S, + K is an arbitrary function, the symmetrizer I’, is defined as 
the linear combination of the operators P(a > such that the coefficient of 
P(a) is c(a), i.e., 
T,= c c(u)P(u). 
CT‘S s, 
The range of T, is called the symmetry class of tensors and denoted by 
V(c) (obviously 63 “V is a symmetry class of tensors). The image by T, of 
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the decomposable tensor xi @ *** @ x, is denoted by xi * *a* * x, and is 
called the star product of the tensors xi,. . . , x, or the decomposable 
symmetrized tensor. 
We denote by P”(K) (or P”) the K-projective space of dimension n. If 
x = ((x,, . . . , x,)) E P”(K), then 0 # (x,, . . . , xn) is called a system of 
coordinates of x. 
We are going to work in this paper with projective varieties. With the aim 
of self-completeness we quote the results and concepts of algebraic geometry 
used in this article. 
The product of the projective spaces P”, P” is defined (cf. [20, pp. 
42-431) as a pair (50, P N, such that 
qJ:P” x P” ~ p(m+lXn+l)-1 
and d(x), (y>) = (x 8 y>. Oft en the range of p is called the product of 
PJ” and P”. It is not difficult to see that the product of two projective spaces 
is an irreducible projective variety. 
DEFINITION [20]. Let X be an irreducible projective variety. A regular 
mappingf:X+ P” is a function such that for all x E X there exists a 
family of homogeneous polynomials of the same degree F,, . . . , F, satisfying: 
f(W) =((F,(x),...,F,(x))). 
Observe that there must exist an integer i E {l, . . . , m} such that 
Fi(x) # 0. 
THEOREM A [20, p. 451. Zf X is a projective variety and f a regular 
mapping from X into P”, then f( X) is a closed projective set. 
We denote by I,,,. the set of the maps from { 1, . . . , m} into {l, . . . , n). 
The subset of the strictly increasing functions of I’,, n is denoted by Qm, n. It 
is well known that if V is a vector space and E = {e,, . , e,] is a basis of V, 
then 
is a basis of @ “V. If (fi, . , fn> is the dual basis of (e,, . . . , e,), then 
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is the dual basis of 8. We are assuming both bases are lexicographically 
ordered. 
If z E BmV, we denote by Z~ the nm-tuple of the components of z in 
the basis 8 (ordered lexicographically). 
If A = (aij) is an m X 12 matrix over the field K and (Y E I,, n, we 
denote by 
A[l,. . . , m/a] 
the m X m matrix whose jth column is column o(j) of A, j = 1,. . . , m; 
i.e., the (i,j) entry of A is ai, a(jj, i, j = 1, . . . , m. Similarly, if r < min{m, n} 
and CY E r,,, and /3 E I,. n, we denote by A[al p] the r x r matrix whose 
(i, j> entry is a,(,), scjj. 
If B = (bij) is an m X m matrix over K, and c is, as before, an arbitrary 
function from S, into K, we denote by d,(B) the element of K given by 
Let G be subgroup of S,, and h an irreducible K-character of G. We 
will identify A with the extension of A to S, that is zero in S, \ G. In this 
case we denote the linear operator Tcrcidj, ,olhj by T(G, A), and the symmetry 
class of tensors T(G, A)( 8 “V > by V,(G). The order of the group G will be 
denoted by /Cl. 
THE PROBLEM 
The question we are going to solve in this article is concerned with 
new types of preservers. In fact, in [l-4,7,10-15,18,19,21-24] linear pre- 
servers of decomposability are studied. The purpose of these papers is to cha- 
racterize the linear operators on 63 “V that map decomposable tensors into 
decomposable tensors (decomposable symmetrized tensors into decompos- 
able symmetrized tensors). For the “aficionado” we mention the excellent 
bibliography of R. G rone, S. Pierce, C. K. Li, and N. K. Tsing [9]. 
DEFINITION. Let _Y E I,( 8 mV; @I “V ). We say that 3 preserves 
decomposability (preserves symmetrized decomposability) if the image 
by _Y of a decomposable tensor (decomposable symmetrized tensor) is 
decomposable (decomposable symmetrized). 
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We say that a linear operator 9 of C3 “V, is a tdecomposability 
preserver with respect to V(c) if the image of any decomposable sym- 
metrized tensor T,(x, @ *** 8 r,) such that dim(x,, . . . , x,,,) = t (t- 
decomposable symmetrized tensor) is a decomposable symmetrized tensor. It 
is obvious that 2 is a linear decomposability preserver if and only if it is a 
t-decomposability preserver for every t belonging to {l, . . . , m}. It can be 
seen that 9 can be a t-decomposability preserver for some t without 
preserving decomposability. In fact, let m = 2, t = 1, and 2= P(id1 + 
P(12). It is obvious that 9 is a l-decomposability preserver. However, if 
Xl> x2 are linearly independent vectors, then 9(x i 8 x,) = x1 @ x2 + x2 @ 
Xl> which is a nondecomposable tensor. 
Our main result is concerned with relations between the t-preservers for 
different values of t. 
GRASSMANNIAN-TYPE VARIETIES 
It is well known that if we denote the alternating character of S, by E, 
then the Grassmann space of degree m associated to V is the range of 
IQ,, e), i.e., 
T(S,, e)( @V) = AT. 
Moreover. 
Let I,,. = {aa,..., onm_i}, with (Y,, < *** < a,m_l by the lexico- 
graphic order. Let Xa2 be indeterminates, 1 Q i < nm - 1. It is well known 
[I71 that there exists a family of homogeneous polynomials 
such that 
0 # z E A “V is a decomposable symmetrized tensor 
= Gy(+) = 0, v= l,..., s. 
Since when z z 0, z is a decomposable symmetrized tensor if and only if 
a.2 (a E K\(O)) . is a decomposable symmetrized tensor, we can conclude 
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that symmetrized decomposability is a property which we can express in 
terms of the projective space lP”“-l by saying that the tensor z is decompos- 
able symmetrized if and only if ( zs) belongs to the projective variety defined 
by the homogeneous polynomials (G,),= ,, , s. This variety is known as the 
Grassmunnian of indices m and n. Since we can identify the subspaces of 
dimension m of V by nonzero decomposable symmetrized tensors A “V, we 
can say that the Grassmannian of indices m and n is the variety of the 
subspaces of dimension m of a vector space of dimension n over K. 
Using the geometrical results presented above, it is possible to state a 
result on the existence of a Grassmannian-type variety for decomposable 
symmetrized tensors associated to symmetrizers of the form T(G, 1). 
LEMMA. Let V be a vector space over the field K, and E = {e,, . . . , e,} 
a basis of V. Assume that 
n 
xi = C aijej, i = 1,. . . , m, 
j=l 
are m elements of V. Then the following properties are true: 
(1) Zf a E r,., the ez-component of T(G, 1)(x1 8 0.. @ x,) = 
xl * *.a * x, is 
(2) The decomposable symmetrized tensor x 1 * **. * x, is zero if and only 
ifxl 8 1.. C3 x,n is zero. 
Proof. (1): Th e ez-component of x1 * *.a * x,, is 
= &d:A[I,. , miff I. 
(2): The proof of (2) can be found in [16]. n 
REMARK 1. Statement (1) of the Lemma says, in particular, that the 
mapping p given by 
((xr @ ... @ xJd 4x1* ... * x7&) 
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has, as component functions, homogeneous polynomial functions (F,), E r,,, 
of degree 1, where 
In fact, 
Then 
Denoting by a, the element l-l;! 1 a,, avctj of K, we can derive from the 
former equality that 
Since we have already seen that if xi @ ... @ x, # 0 then xi * ... * 
x, z 0, we can conclude that p is regular and thus a continuous function, 
considering f=ed the Zariski topology in both the domain and the arrival set 
of p [20, p. 381 (b ear in the mind that the product of m factors of the 
projective space of dimension n - 1 is an irreducible projective variety which 
is, by definition, the set of the subspaces of @ mK” of dimension 1 generated 
by decomposable tensors). Since the image by a continuous function of an 
irreducible set is irreducible [5, p. 1861, Th eorem A allows us to conclude the 
theorem 
THEOREM 1. Theset 
is an irreducible projective closed set in P”“-l. 
REMARK. R. Grone has published a result similar to Theorem 1 (in fact, 
in a certain sense a more general result) in [S]. However, his proof does not 
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work, since it is based on the argument that a linear operator image of an 
algebraic variety is an algebraic variety, which is not true, as we can see by 
taking the hypersurface xy = 1 and the projection on the x-axis. 
PRESERVERS 
Our main result states that the notion of r-decomposability preserver and 
the notion of t-decomposability preserver for all t, 1 < t < t-, coincide, i.e.: 
THEOREM 2. Let G be a group, and _Y be a linear operator from 
L( @ “V; @ mV ). The linear operator ._Y is an r-decomposability preserver 
with respect to V,(G) if and only if it is a t-decomposability preserver with 
respect to V,(G) for 1 < t < r. 
Proof. Consider the mapping q from K mX r x K rX n into K mX ” whose 
(i, j)th coordinate function is C, $ j Q n XikYkj. The mapping q is a regular 
mapping and thus continuous (for the Zariski topology), and its range is the 
set of m X n matrices of rank less than or equal to r. Therefore the set W of 
the m X n matrices over K of rank less than or equal to r is an irreducible 
affine closed set. We are going to prove that if 2 preserves r-decomposabil- 
ity, it preserves t-decomposability for 1 < t < r. 
Assume that V has a basis (el, . . . , e,}. Let Y,,, Y,,, . . . , Y,,, 
Y ..,Yzn )..., Y,, ,..., Y be mn distinct indeterminates, and Y = (Yij) 
tii ‘m X n matrix of the %determinates. If (Y E r, n, 
’ 
we define H, E 
W,, ,..., Y,,,Y,, ,... ,Yz,,...,Y,,,...,Y,,lby 
H,(Y,,, . . .,Y,.,Y,,, . . . ,Y,,,. . . ,Yml,. . . .Y,,) = &dFY[l,. . . , Aa]. 
We denote by 2 = (_5&) the matrix of the linear operator 55’ in the basis 
induced in @ “V by the basis {el,. . . , e,} of V. Let HA be the polynomial 
of NY,,, . , y1,, y,,, . . . > y,,, . . . > Yml, . > y,,l, 
H:(Y,, ,... ,Y,,,...,Y,,,...,Y,,) 
= c -%&(Y,,, ...,Y,,,. . . ,Y,,,. . .,Y,,). 
PErA.” 
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It is an easy consequence of the Lemma that the tensor 
is a decomposable symmetrized tensor if and only if there is a solution 
(~ij)iE(l,..., m), je(l,. .,n); 
of the system 
&( y,,, . . . > Y,.,Y,,,. .,yzn>. ..>Y,l> . . . . Y,“) = c,> a E rm,,. (1) 
On the other hand z is a star product of vectors whose linear closure has 
dimension r if there is a solution of the system (I) which is not a solution of 
the system 
detY[aIP] =Da,p(Yl, ,... ,Y,,,Y,,,...,Y,,,...,Y,,,...,Y,,) =O, 
Using Theorem 1, we can conclude that there exists polynomials Gj E K[ X, 1 
a E IT, .I, i = 1,. . , p, such that 9(z) = C, E r b,e,(i) 8 ... @ e,(,) is 
decomposable if and only if Gi(b, 1 a E r,, .> = 0:~; = 1,. . . , p. Then 9 is 
a linear operator that preserves decomposability if and only if the polynomials 
are equal to zero for all m X n matrices A = (aij> of rank less than 
or equal to r for all i E (1, . . . , p}. But, assuming that 9 preserves 
r-decomposability, we know that Gi(HA(a,,, . . . , a,,, uzl, . . , 
a,,,...,a,l,...,a,, >> = 0, i = l,..., p, when for some Y E Qr, m and 
w E Or,. we have Dy ,(u,~, . . ..u.,,u,,,...,a,,,...,u,,,...,u,,) z 0. 
But the last statement means that the polynomial functions Gi(H$Y,,, . . , 
Yl,,Y,,,...,Y,n,...,Y,l,...,Y,,)), i = l,...,p, are zero over the non- 
empty open set W (in the affine Zariski topology) which is the complement of 
the affine closed set with defining polynomials 
224 J. A. DIAS DA SILVA 
Thus [20, p. 251, A + G,(HL(a,,, . . . , a,,, u2i, . . . , uZnr . , urni,. . . , a,,)) is 
the zero function over W, i = 1, . . . , p, and 3 preserves t-decomposability, 
1<t<?-. 
COROLLARY. Let G be a group, and _Y be a linear operator from 
L( @ “V, 8 “V). The linear operator 9 is un m-decomposability preserver 
with respect to V,(G) if and only if it preserves symmetrized decomposability. 
FINAL REMARKS 
In the Grassmann space the notions of decomposability and 
m-decomposability coincide, since the only nonzero decomposable tensors 
are the m-decomposable tensors. In this case Theorem 2 is trivial. 
If we combine Theorem 1 and the results contained in [ZO] with the proof 
of Theorem A, we get a family of homogeneous polynomials with a role 
equivalent to that of the Pliicker polynomials for the decomposable tensors of 
the symmetry classes of tensors V,(G). 
It is known [6] that the result in the Lemma is generalizable to symmetry 
classes of tensors V(c) satisfying C,, E s,, c(a) # 0. Thus Theorem 2 is still 
valid for these symmetry classes of tensors. 
I wish to thank Armundo Muchudo for some useful conversations during 
the preparation of this article. 
After submitting the paper I was notified that M. H. Lim had indepen- 
dently obtained Theorem 1. 
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